Pre-Big-Bang Requires the Universe to be Exponentially Large From the Very 

Beginning 
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We show that in a generic case of the pre-big-bang scenario, inflation will solve cosmological 
problems only if the universe at the onset of inflation is extremely large and homogeneous from the 
very beginning. The size of a homogeneous part of the universe at the beginning of the stage of 
pre-big-bang (PBB) inflation must be greater than 10 19 l s , where l s is the stringy length, which is 
the only natural length scale in PBB cosmology. The total mass of an inflationary domain must 
be greater than 10 72 M S , where M s ~ IJ 1 . If the universe is initially radiation dominated, then its 
total entropy at that time must be greater than 10 68 . If the universe is closed, then at the moment 
of its formation it must be uniform over 10 24 causally disconnected domains. The natural duration 
of the PBB stage in this scenario is Mp 1 . If the universe is open, then its initial state should have 
been very homogeneous over an infinitely large distance, in order to account for the homogeneity 
of our part of the universe. We argue that the initial state of the open PBB universe could not be 
homogeneous because of quantum fluctuations. Independently of the issue of homogeneity, one must 
introduce two large dimensionless parameters, g^ 2 > 10 53 , and B > 10 38 <? ( 7 2 > 10 91 , in order to 
solve the flatness problem in the PBB cosmology. A regime of eternal inflation does not occur in the 
PBB scenario. This should be compared with the simplest versions of the chaotic inflation scenario, 
where the regime of eternal inflation may begin in a universe of size 0(Mp 1 ) with vanishing initial 
radiation entropy, mass 0(M P ), and geometric entropy O(l). We conclude that the current version 
of the PBB scenario cannot replace usual inflation even if one solves the graceful exit problem in 
this scenario. 
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I. INTRODUCTION 

After 15 years of development of the theory of infla- 
tionary universe, cosmologists believe that something like 
inflation is indeed necessary in order to construct an in- 
ternally consistent cosmological theory. The best hopes 
for the theory of all fundamental interactions are related 
to superstring theory. Unfortunately it has been known 
for at least a decade that it is extremely hard to construct 
a working mechanism for inflation in string theory. The 
familiar inflationary scenarios, which have been devel- 
oped in the context of general relativity or even its scalar- 
tensor extensions, cannot be derived from the string ef- 
fective action on a generic background. The reason is 
that in the low energy effective action the string moduli, 
and in particular the dilaton field, couple nonminimally 
to other degrees of freedom, and hence run during cosmo- 
logical evolution. The running of the dilaton slows down 
the expansion of the horizon, and as a result, the horizon 
and flatness problems cannot be solved. 

Hopefully, this problem is only temporary; it may be 
related to our limited understanding of string theory, 
which rapidly changes every year. It might be possi- 
ble also, that inflation can be implemented in the sim- 
plest versions of string theory, but in a rather nontrivial 
way. One of the most interesting suggestions in this re- 
spect is the pre-big-bang (PBB) scenario developed in pi. 



This scenario assumes that inflation occurred in a stringy 
phase prior to the big bang. It relies on the running of 
the dilaton, which at some time starts to dominate the 
evolution, and causes the scale factor to diverge in the 
future. Further, the scenario assumes that there exists 
a mechanism which eventually becomes important and 
overturns the dilaton-dominated expansion into a simple 
power-law, thus avoiding the big bang singularity and 
solving the horizon problem at the same time. The exit, 
however, is difficult to attain. For example, it is known, 
thanks to several exact no-go theorems [||d4| , that it can- 
not be obtained in the effective potential approximation. 
As a result, the current version of PBB holds that the 
exit should occur in the strong coupling/large curvature 
sector of string theory, where higher order quantum cor- 
rections become important. 

The PBB scenario has some other problems. It is not 
easy to obtain density perturbations with a nearly-flat 
spectrum, it is not quite clear how to solve the primor- 
dial monopole problem, etc. Despite these difficulties, 
the possibility that PBB cosmology may provide a real- 
ization of inflationary cosmology in the context of some 
string-inspired models is certainly very interesting. How- 
ever, recently it has been argued by Turner and Wein- 
berg fa] that there also exists a fine-tuning problem in 
the PBB scenario. If the dilaton-dominated era in PBB 
is preceded by a non-inflating phase, then in order for 
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inflation to solve the horizon and flatness problems, the 
initial universe at the onset of the dilaton-dominated era 
should be very large. The authors of Ref. |jj concluded 
that PBB is less robust, and therefore less attractive as 
an implementation of the inflationary paradigm. On the 
other hand, from Ref. Q it was not quite obvious how 
strong this fine-tuning should be, and whether one can 
avoid this problem altogether if the universe is open [^|,^| , 
or if one somewhat modifies the PBB scenario Q . In fact, 
the largeness of the size of the PBB universe was noticed 
in the very first papers on the PBB model |jj , but it was 
not considered a real problem. 

More recently, another attempt has been made || to 
argue that PBB is unnatural essentially because at the 
time of the exit the universe should be very large. How- 
ever, in our opinion, the author of Ref. |j] somewhat mis- 
interpreted the PBB theory and ignored the possibility 
that this problem can be solved by PBB inflation. 

In this paper we will discuss the fine-tuning problem 
in PBB, using only the most general and widely accepted 
premises: (1) generic initial conditions which allow that 
the universe has not been dilaton-dominated through- 
out its past, (2) the existence of an inflationary phase, 
which metamorphoses into a post-inflationary universe 
like our own via a successful process of branch-changing, 
and (3) the validity of the description of the model by 
string theory with higher order corrections, implying that 
9s < 1- Using this, we will show that if our part of the 
universe appeared as a result of pre-big-bang inflation, 
then it should have originated from a homogeneous do- 
main of exponentially large initial size Li > 10 Z s , where 
l s = M^ 1 is the stringy scale. Such a domain should have 
enormously large initial mass and initial entropy at the 
onset of PBB inflation. 

Immediate consequences of this result look different for 
a closed universe and for an open one, but the main con- 
clusions are very similar. A closed universe appears from 
a singularity, and its description in terms of the effective 
action used in the PBB theory becomes possible only at 
a stringy time t s = l s = Mj 1 after the singularity. We 
will show that at that time the PBB universe must con- 
sist of at least 10 24 causally disconnected regions with 
nearly equal density. The emergence of such a huge ho- 
mogeneous universe is extremely improbable; this is the 
well-known horizon problem which inflationary theory is 
supposed to solve. To solve this problem in the context of 
the PBB cosmology one would need an additional stage 
of inflation, not related to the PBB scenario. 

If the PBB universe is spatially open, it does not have 
an initial singularity. Instead, it starts as an infinitely 
large patch of Minkowski space (or, more precisely, the 
Milne universe) in the very far past, with almost vanish- 
ing matter content except for an infinitesimally small, 
spatially homogeneous dilaton kinetic energy density. 
Such a universe should shrink for an infinitely long time, 
until the dilaton density grows sufficiently large to cause 
the scale factor to bounce and undergo superinflation. 

The initial homogeneity of an open PBB universe filled 



by a dilaton field $ with an infinitesimally small energy 
density can be completely destroyed even by extremely 
small but finite classical perturbations of the dilaton field. 
Thus, in order to explain why our universe is large, one 
would need to assume that it is infinite, and in order to 
explain homogeneity of our local part of the universe, one 
would need to assume that the early universe was rela- 
tively homogeneous on an infinitely large scale. More- 
over, we will argue that the initial density of the open 
universe was so small that its homogeneity could be eas- 
ily destroyed by quantum fluctuations which were present 
in the very early universe. 

Of course, if the universe is infinite, one can always find 
a sufficiently large and homogeneous patch of spacetime 
which can undergo PBB inflation |]]]. Parts of the uni- 
verse similar to the one where we live now can appear as a 
result of PBB inflation of homogeneous domains with an 
initial size greater than 10 19 l s . However, one may argue 
that in a contracting universe with chaotic initial condi- 
tions, the only natural size of a homogeneous region is l s . 
Therefore, the spontaneous formation of a homogeneous 
domain of size 10 19 l s seems extremely improbable. 

We will show also that even if it were possible to solve 
the homogeneity problem in an open PBB universe, the 
possibility to solve the flatness problem relies on the exis- 
tence of two large dimensionless parameters, g$ 2 > 10 53 , 
and B > lO 38 ^ 2 > 10 91 . Thus, in order to explain why 
our universe is flat, one must first explain the origin of 
these two large dimensionless parameters. 

A distinguishing feature of many inflationary models is 
the existence of a regime of self-reproduction of inflation- 
ary domains. This regime leads to especially profound 
consequences in the chaotic inflation scenario |H],[llJ , but 
it occurs in many other inflationary models as well p2[ . 
The self-reproduction of inflationary domains may alle- 
viate the initial condition problem even for those infla- 
tionary models where the initial conditions required for 
inflation are unnatural [^3). We have investigated the 
possibility that a similar mechanism might alleviate the 
problem of initial conditions in the PBB inflationary cos- 
mology, but we have found that the dynamics of PBB 
precludes the possibility of self-reproduction. 



II. PRE-BIG-BANG 

We begin here by reviewing the PBB scenario, to the 
extent needed for our investigation. The dynamics of the 
model is given by the four-dimensional effective action 
of string theory, which contains the metric, dilaton and 
possibly other matter fields. In the string frame, to the 
lowest order, the action can be written as M 
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where a is the dimensionless dilaton field, which deter- 
mines the string coupling constant g = exp(er/2), g^ v 
is the string-frame metric and y denotes any additional 
matter degrees of freedom. The dimensional parameter 
l s is the string scale, given by l s ~ y/a', and is close to 
today's value of the Planck scale. We set h = c = 1, 
so that mass, time and length all have the same units, 
given by l s . The simplest variant of PBB has been given 
for spatially flat FRW backgrounds, and has since been 
investigated in more complicated situations. The crux of 
the scenario is that any solution starting in the weak cou- 
pling regime g s -C 1 always evolves such that the dilaton 
grows (i.e., the coupling increases), until it dominates the 
evolution. Then the universe begins the accelerated ex- 
pansion, since the scale factor grows superexponentially 
towards a singularity in the future. The scenario further 
needs a mechanism, dubbed branch-changing, which can 
overturn the dilaton-dominated expansion into a simple 
power-law, thus avoiding the singularity and solving the 
horizon problem at the same time. While this cannot be 
attained in the effective potential limit of string theory, 
where the inflating solutions always run to the future cur- 
vature singularity , it has been suggested that string- 
scale physics could yield the exit jl4],[l5]]. Since none of 
our arguments require details of the exit scenario, we will 
not discuss the prospects for actually constructing it. We 
will, however, underline the basic assumptions made in 
positing that an exit is possible. 

Let us now look at the salient features of the dilaton- 
dominated phase in PBB cosmology. We can easily write 
the equations of motion which follow from the action (Q) . 
In the presence of matter sources, they aref] |l| 

if + 3H<7-& 2 = l 2 s e a (3p - p) 



H = Ha- 3H 2 
p + 3H{p + p) =0 



n ^ i ;2 o 



(2) 



6H Z - 6H& + 6^ - 2l 2 s e a p = 



where H = a/a is the string- frame Hubble parameter, 
and p and p are the effective matter density and pres- 
sure. For most practical purposes, it is sufficient to as- 
sume a simple equation of state for the matter, p = "fp 
with 7 e [—1/3,1/3] for classical stringy matter. Wc 
will not delve into the realm of exotic degrees of freedom 
which might arise at very large curvature or strong cou- 
pling, and which might require more complicated equa- 
tions of state. This will not restrict the generality of our 
arguments, since we will be studying the conditions at or 
before the onset of inflationary expansion. There, the va- 
lidity of the effective action implies that matter behaves 
ordinarily. 



After the onset of the inflationary phase, where all 
other contributions (matter, spatial curvature etc.) to 
(||) except the dilaton are negligible, one can easily find 
the pure metric-dilaton solutions JjJ. The expanding so- 
lutions are divided into two classes separated by the cur- 
vature singularity. For t < 0, one has 



a+ = Oo(-t) vs, H + 



V3(-t)' 



-t) 



whereas for t > 0, one has 



\ 



1+V3 



(3) 



(4) 



The solutions for t < are by now widely referred as 
to the (+), or superinflationary, branch, and those for 
t > as the (— ), or post-inflationary, branch^]. For later 
purposes, it will be useful to re-express the (+)-branch 
solution in terms of the effective Planck mass squared, 



$ = M 2 (t) 



= I 



as follows: 



= to 



1/V3 



$ = 



V3+1 



(5) 



(6) 



where the initial time to is the aforementioned time of 
the onset of the pole-dominated era. 

Note that the hypersurface t = is singular, lying in 
the future of the (+) (inverse power-law) branch solutions 
and in the past of the (— ) (power-law) branch solutions. 
The role of the branch-changing mechanism is to connect 
the two branches, (+) chronologically preceding the (— ), 
in such a way as to remove the singularity, and to allow 
the superexponcntial growth of the (+) branch to play 
the role of inflation. For simplicity, in this article we 
will assume that such a matching of solutions is possible, 
without delving into a detailed analysis of string physics. 
However, we need to review carefully the phenomenolog- 
ical aspects of branch-changing. The current lore of PBB 
is to assume that the exit must occur roughly when the 
description given by the effective action ([!]) breaks down, 
but that the dynamics can be described by a sum of (|l|) 
and higher order corrections, both in g s and in a! . Since 
the lowest-order string effective action (|l|) is a truncation 
of a double expansion in both the inverse string tension 
a' and the string coupling g s = exp(tr/2), the descrip- 
tion based on it breaks down either when R ~ \ja' or 



*Our normalizations are such that the factor 16-7T which oc- 
curs in M has been absorbed into l 2 s . 



^The proper definition of branches is derived from solving 
the quadratic constraint equation in (^) for a, and the sign 
of each branch is determined by the sign of the square root 
which arises in the solution. 
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when g s ~ 1, whichever happens first. But the higher 
genus terms alone cannot saturate the growth of the cur- 
vature f|,[i~|.|l5| , and so even if the exit is precipitated by 
g s ~ 1, the curvature would continue to grow until again 
R ~ \/a' . Similarly, the higher derivative terms cannot 
complete the exit by themselves, and thus if the break- 
down of the action is caused by R ~ 1/a' effects, 
the exit does not occur until the coupling reaches g s ~ 1 
p4] , p^[ , while the curvature remains approximately con- 
stant. If this happens, the dilaton-driven inflation is sup- 
planted at a late time by an exponential phase |Ij,|l5||| . 
In any case, all exit scenarios in PBB postulate that at 
the time of the exit the Hubble length must be of the or- 
der of string scale, H^ 1 ~ l s , while the string coupling is 
always assumed to be at most of order unitjjj. Therefore, 
using the subscripts i and / to denote the beginning and 
the end of the inflationary era, we see that when the exit 
occurs it must be 

H^-ltfl-l, , t>f<l- 2 . (7) 

This illustrates how the conclusion in fact hinges on the 
assumption that g s < 1. Given this, the numerical values 
of any bound which we will obtain using (@) will be very 
robust. 

After the exit has been completed, the solution contin- 
ues as a (— ) branch. Hence, from our vantage point, the 
Big Bang would really correspond to the emergence of 
the universe from the string phase, at the time roughly 
of order of l p . Hereafter, we can for simplicity assume 
"maximal decoupling" of the dilaton, taking it to be 
constant from the Planck time onwards. This is phe- 
nomenologically desirable, since at present the Planck 
scale is roughly the same as the string scale, l p ~ l s , 
while the string coupling is of order unity, and after the 
Big Bang neither of these quantities could have changed 
very much, if baryogenesis and nucleosynthesis were to 
proceed normally p6[ . In order to determine if PBB 
is a viable inflationary model, we need to check if the 
dilaton-dominated expansion solves cosmological prob- 
lems. The resolution of the horizon problem requires 
that inflation naturally produce the "initial" condition 
that the size of the observable part of the universe ex- 
trapolated back to the Planck time is greater than the 



f One can consider <f>/H 2 ~ (l/^(0))|£| 3+v ^/|£ | Ini- 
tially, $i/Hf ~ \ti\ 2 /lp(W) » 1. Further, $/H 2 isamonoton- 
ically decreasing function during the dilaton-dominated era, 
and becomes of order unity at a time t* ~ tj' / ^£p~ 1/ '^ '(0). 
This time must be chronologically after the string scale l s . In- 
deed, suppose the opposite, that t* precedes l s . Since at the 
exit roughly Hf ~ 1/L, it would then be $/ <C H 2 ~ lj 2 , or 
since g s (tf) = exp(cr//2) = Z s /^/$/, the coupling would be 
g s (tf) 3> 1, contradicting the assumption that the effective 
action is well defined. Hence, t* must be after the string scale 
l s , and so, at the moment of the exit, it must be $/ < lj 2 . 



corresponding Planck length by about 30 orders of mag- 
nitude: Lf > 10 30 l p ~ e 70 l p . The initial size of the 
homogeneous part of the universe Li at the beginning of 
PBB inflation should be greater than the Hubble length 
~ | ti|, because only in this case inflation ensures 
homogeneity of the part of the universe produced by the 
expansion of the original domain. Taking into account 
that Hf l ~ |t/| ~ l P , and L f = ~ \ti\(\%\) 1/VS , 

one can write the condition Lf > e l p in the following 
form: 

/<J> \ 1/V5 /IM\ 1+1/VI 

It is important that these conditions should hold for any 
version of the PBB universe, open, flat or closed. More- 
over, one can show that the same conditions follow from 
the requirement of flatness of the universe, even if the 
homogeneity of the universe is ensured by some other 
mechanism. To be a successful model of inflation, the 
pre-big-bang model must satisfy all of these inequalities 
together with (0). 

III. INITIAL CONDITIONS AT THE ONSET OF 
INFLATION 

As we have mentioned in the previous section, the 
initial size of the homogeneous inflationary domain Li 
should be greater than ti. Using Eq. (@), one finds the 
following lower bound on Lf. 

L ! >e 44 i s ~2xl0 19 ! s . (9) 

This is not much better than the situation in the non- 
inflationary big bang cosmology, where it was necessary 
to assume that the initial size of the homogeneous part 
of our universe was greater than 10 30 l p . 

The measure of the curvature of the spacetime (the 
square root of the square of the Riemann tensor) at this 
moment is given by R ~ t^ 2 < 10~ 38 l~ 2 . Hence, in 
order to explain the flatness of the universe in the PBB 
scenario one should start with a universe which is flat 
from the very beginning. 

To find the lower bound for the mass of the universe at 
the beginning of PBB inflation, we consider the energy 
stored in the dilaton field inside the horizon volume. Us- 
ing equations (|), (§), @), || and Li - \U\, we find 

Mi ~ bfL\l v 2 ~ \U\l- 2 > e 165 M s ~ 10 72 M S . (10) 

One of the manifestations of the flatness problem in the 
usual big bang theory is that the universe today is 10 60 
times heavier than the natural mass scale M p . In order 
to resolve this problem in the context of PBB cosmology, 
one should begin with a universe which has the mass M > 
10 72 M s , where M s is the only natural mass scale at the 
PBB stage (and is approximately the same as the Planck 
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mass after the Big Bang, as we have discussed above). 
Thus, PBB does not seem to give us any real advantage 
in trying to explain the large mass of the universe. 

The best way to express the size of the universe in 
dimensionless units is to calculate its entropy. For the 
universe filled with ultrarelativistic matter the total en- 
tropy coincides, up to a factor 0(1), with the total num- 
ber of particles in the universe. In spacetimes possess- 
ing an event horizon, however, one has entropy even in 
the absence of ordinary matter. For example, the en- 
tropy of a horizon-size domain of de Sitter space dom- 
inated by a scalar field with a potential energy density 
V(<j)) is proportional to the area of the event horizon, 



S = 2ttAI- 2 = 8n 2 l- 2 H- 2 @. This gives£ 



S : 



3M p 4 



(11) 



Similarly, we can estimate the entropy associated with 
the event horizon in PBB inflation, 



S = 2wAA~ 



(12) 



where Ai is the area of the cosmological horizon at the 
beginning of PBB inflation, and the parameter I is the 
characteristic scale for the problem. We leave the option 
open that / can be either l s or l p . When I = l p , we see 
that since — 47rL? ~ 47r|ii| 2 , Eq. 
conditions 0k and (§)) 



21) gives (using the 



S ^ 8tt 2 \U\ 2 L 



2 > 8TT 2 e 210 > 



10 



0:s 



(13) 



Hence the initial horizon entropy is exponentially large. 
In fact, it is not very different from the total entropy of 
the observable part of the present universe S > 10 88 . 

One may argue, however, that perhaps in the stringy 
phase one should calculate the area of the horizon in 
stringy units. If we take this point of view, our esti- 
mate of the entropy becomes smaller, but still remains 
extremely large: 



S 



\u\X 



> 



in 2 e 89 



> 2 x 10 



:',s 



(14) 



Hence even this much weaker estimate gives an extremely 
large quantity. 

So far we have taken into account only the gravita- 
tional entropy. Including any matter entropy would in- 
crease the total entropy. To confirm this we can esti- 
mate the entropy of a universe which is initially dom- 
inated by radiation with energy density pi. The total 
entropy S r within the horizon of initial size \ti\ is given 
by S r ~ (Pitf) 3 ^ 4 - From the constraint equation in (0) 



^To avoid confusion with the existing literature where this 
equation was derived, in this equation and in Eq. ( J16| ) we 

G- 1 ~ 10*GeV, 
= (87TG)- 1 . 



use the "gravitational" Planck mass Mp 



rather than the "stringy" Planck mass M p 



we find that prff ~ t 2 ^i- Using the solution for radia- 
tion dominated PBB inflation obtained in Ref. || (case 
b 3> 1 in their notation), one can easily find i, and <f>i, 
just as we did before for the case of dilaton-dominated 
PBB inflation. This leads to the following constraint on 
the total entropy of radiation in this scenario: 



S r > 10 



(is 



(15) 



The initial entropy can be used to evaluate the proba- 
bility of spontaneous formation of a homogeneous domain 
of an inflationary universe. Indeed, one may argue that 
the entropy is the measure of complexity of the universe, 
and the probability of creation of a universe with a huge 
entropy should be exponentially suppressed, 



P 



_ c 

e — cxp 



3M, 



SV(<f>) J 



(16) 



This result exactly coincides with the result obtained in 
Ref. Jig] by a different method. In inflationary cosmol- 
ogy it implies that the probability of inflation starting in 
a state with V(<fr) ~ is not exponentially suppressed. 
In other words, one does not need to fine-tune initial con- 
ditions in the simplest models of chaotic inflation, where 
inflation may start at V(<j>) ~ M p 4 . 

Meanwhile, the estimate P ~ e~ s for the probability 
of quantum creation of an inflationary universe leads to 
a vanishingly small number in the context of the PBB 
scenario. For the dilaton dominated regime we get, in 
the very best case, 



P ~ e s < exp i 



10 



:SS \ 



(17) 



whereas for the radiation dominated universe the proba- 
bility is even much smaller, 



P 



,-s < 



exp(-10 b 



(18) 



These arguments show just how serious the fine-tuning 
problem is in PBB inflation. In order to be able to solve 
the horizon and flatness problems, PBB inflation has to 
start from a universe which is already very large, very 
dense and very homogeneous and isotropic. Its initial 
entropy must also be exponentially large, suggesting that 
this initial state is very improbable. 

One can look at this issue from another point of view. 
Suppose we give up the desire to solve all cosmological 
problems by a PBB stage, and simply ask what is a nat- 
ural duration of this stage. One can immediately deduce 
the answer from Eq. (|13|). In order to avoid exponential 
suppression of the probability of creation of a PBB uni- 
verse, it should be created at \ti\ < l p ~ Mp 1 - Thus, one 
may expect that the typical duration of PfiB inflation is 
given by the Planck time. 

However, in our evaluation of the probability of forma- 
tion of a homogeneous inflationary domain of size ~ 10 19 
l s we did not take into account the possibility that such 
a state may naturally appear as the result of some pre- 
inflationary dynamics. We will investigate this possibility 
in the next two sections. 
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IV. CLOSED P RE-BIG-BANG UNIVERSE 

In the usual big bang cosmology quantum fluctuations 
of the metric are extremely large, the terms ~ R 2 in the 
effective action are greater than M 2 R, and the effective 
action approach breaks down at the time t < t p ~ M~ l . 
Therefore one may say that the universe (i.e., classical 
space-time) "materializes" at the Planck time t p ~ M" 1 . 
One could try to argue that in the PBB theory the effec- 
tive action approach breaks down near the big bang, but 
not in the beginning of the PBB expansion. This seems 
to be the case for the (+)-branch PBB solutions given in 
(||) . They are described by the string effective action ([!]) 
in the far past, with ever weaker coupling and smaller 
curvature. However, if the universe is inhomogeneous, 
which is clearly a more generic situation, the answer to 
this question can be completely different. We should ex- 
pect that, prior to inflation, the universe on a large scale 
must be entirely inhomogeneous - after all, one of the 
roles of inflation is to take one such universe and smooth 
it out by rapid expansion. If such a solution had a cur- 
vature singularity in the past, the action (Q) should be 
extended by higher derivative, or higher order a', correc- 
tions, regardless of the magnitude of the string coupling 
g s . As a result, such a universe would be fully shaped by 
string physics at the beginning, controlled by the scale 
l s = %/a/, and not by classical phenomena. The ques- 
tion in this case is how big such a universe would have 
to be initially, in order to survive until the beginning of 
inflation, and inflate to give the post-big-bang. 

The best way to investigate the naturalness of initial 
conditions in inflationary cosmology is to study a closed 
universe, which at the same time provides us with the un- 
derstanding of the behavior of those parts of the universe 
which are locally very dense. In the big bang theory the 
total lifetime of a closed universe filled with radiation 
is proportional to M/M p , so a universe of the natural 
mass ~ M p immediately collapses unless it begins inflat- 
ing soon after its formation. That is why the simplest 
models of inflationary theory based on chaotic inflation 
are so much better than the new inflation models from 
the point of view of initial conditions: In the chaotic in- 
flation models the process of exponential expansion may 
begin immediately after the big bang pT| . 

Here we would like to analyze the same problem in the 
context of the PBB theory. The exact spatially closed 
dilaton-metric solutions of (||) are ||] 

_ VBI P {0) (cos77)( 1+ ^)/ 2 

3V4 (_ sinJ ,)(>/3-l)/2 

1 / — smjiN^* 

$ -f(o)(^f) ' (19) 

where rj is the conformal time, defined by dt = adrj. Here 
B = — a 3 $ is a parameter which does not change dur- 
ing the PBB evolution; l p (0) is the value of the effective 
Planck scale at the onset of inflation. 



In the limit 77 1 , the solution ( p~Qj ) coincides with 
the flat-space superinflating solution (^), with \t\ ~ 
|^|V3/(v^+i) i ^he onse t f inflation corresponds roughly 
to 77 ~ — 7r/4, when — sinr] ~ cos??, and a ~ — i, ~ 
\/Bl p (0), $i ~ lp 2 (0). If we want the closed universe 
to be large enough to incorporate a homogeneous infla- 
tionary domain of size Li ~ 2 x 10 19 l s (0), one should 
have B> 4 x 10 38 l 2 /l 2 p (0) = 4 x 10 38 g^. Taking into 
account that, according to Eq. (||), g^ 2 — l 2 /l p (0) ~ 

> exp(70v / 3), one finds the following constraint 
on the string coupling constant g 2 = l p /l 2 ~ at 
the onset of inflation: 

.9o < 10~ 53 ■ (20) 

This leads to the following constraint on the parameter 
B: 

B > 4 x 10 38 3,7 2 ■ ( 21 ) 

For the largest possible value g 2 , ~ 10~ 53 we get the 
constraint 

B > 4 x 10 91 . (22) 

For smaller go, the constraint on B becomes even 
stronger. 

The beginning of the evolution of the closed PBB uni- 
verse is described by Eq. (|19| ) in the limit r\ — ► — ir/2. 
In this case the solution ( p.9[ ) can be approximated by 
the solution (g), where t ~ (tt/2 - ^^/(V 5 - 1 ) . Thus, 
r) — > — 7r/2 again corresponds to t — ► 0, but now the scale 
factor a vanishes, and R and $ diverge (which implies 
that the string coupling g s vanishes) . Here t corresponds 
to the time after the initial singularity in the closed PBB 
universe. In what follows we will concentrate on the in- 
vestigation of conditions near this singularity. 

As we have discussed earlier, the description based on 
the effective action (|l|) breaks down when R ~ l~ 2 ~ 
M 2 , since the higher order a 1 corrections must be added 
regardless of the value of the string coupling g s . Further, 
it does not make much sense to consider universes of size 
smaller than / s in the effective action description, since in 
string theory we cannot fit any low energy mode in such 
a universe. Hence, in this limit the solution is valid until 
a ~ l s or R ~ lj 2 , whichever comes first when one goes 
toward the singularity at t = 0. From Eq. (||) we see that 
a ~ t 1 /^ and H^ 1 ~ t at small t. Thus H grows much 
faster than a -1 in the limit t — * 0. As a result, near the 
initial singularity the curvature R = 6H + 12H 2 + 6k/a 2 
is dominated by the kinetic terms, R ~ H 2 ~ t~ 2 3> a~ 2 . 
This means that the effective action description breaks 
down not at a ~ l s , but at the stringy time t ~ t s ~ 
l s ~ M~ x . Thus, the k = 1 universe emerges out of the 
initial stringy phase at the stringy time M" 1 after the 
singularity. 

We would like to point out that this is a general conclu- 
sion for all stringy models where the universe experiences 
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a power-law expansion a ~ t^ near the singularity, with 
/3 = 0(1). Indeed, in this regime H ~ and i? re- 
ceives a contribution 12i/ 2 ~ i~ 2 , which becomes greater 
than Mg for t < M~ l . This means that the stringy time 
t s ~ M s _1 plays the same role in stringy cosmology as 
the Planck time in the standard big bang theory. 

If we take a k = 1 PBB inflationary solution which 
satisfies all our constraints (0), (||), (j|), ( |i~(i| ) and (13), 
and extrapolate it backwards towards the initial singu- 
larity, by the time the curvature again reaches the string 
scale the universe will still be very large. Indeed, as we 
have already mentioned, at t <C U ~ —y/Bl p {0) one has 
a ~ t 1 /^. Thus at t ~ L one has 



< 10 



-G7 



a - l s (VBl p (0)/l s ) 



i-1/VS > 



10 s z s 



(23) 



Note that if at the initial stage the size of the universe 
is 10 8 times greater than the horizon ~ t s ~ l s , then 
one should require that the universe is homogeneous in 
10 24 causally disconnected domains of size ~ l s . One can 
estimate the probability of this event as 



P-exp(-10 24 ) 



(24) 



This clearly demonstrates that the condition (J2^) re- 
quires the universe to be unnaturally large from the very 
beginning. 

If one wants to avoid this probability suppression, one 
needs to consider a closed universe which consists of just 
one causally connected domain of size l s at the stringy 
time t s ~ / s - Such a universe would be immediately 
dilaton-dominated, would start inflating - and would 
need to exit right away, after having been inflating for 
an amount of time merely of order l s . In this case one 
would have l s ~ l p , so the total duration of the PBB stage 
would be ~ M~ . Such a universe would never inflate 
enough to solve the horizon and flatness problems. 

Now let us estimate the total mass of the universe at 
this moment (at the stringy time t s ~ M~ x after the ini- 
tial singularity in the PBB scenario). The calculation is 
essentially the same as the one which leads to the esti- 
mate of the mass at the onset of inflation (|h]) . We again 
have 



M h 



■2 r 



ll~ p 2 {b) 



(25) 



where the index b denotes quantities at the moment of 
birth of the universe, at t ~ i s . A good estimate of the 
size of a closed universe is Lb ~ a, where a is given in 
Eq. (||). Using of - R b ~ l~ 2 and (|f), and recalling 
that B > 10 91 , we find that 



Mb 



&iL s b l; 2 (b)^M s B>W f)1 M l 



(26) 



Thus the mass of the PBB universe at the moment of 
its creation is even much greater than its mass at the 
moment when inflation begins (|l0|). 

Similarly, one can obtain a constraint on the initial 
value of the string coupling constant g 2 — ($^ 2 ) -1 at the 
moment t s after the initial singularity: 



(27) 



This constraint may be viewed as very unnatural from 
the point of view of M-theory. Indeed, weak coupling 
limits of consistent string theories are obtained as di- 
mensional reductions of the 11D M-theory, which admits 
HD supergravity as its low energy limit. In the pro- 
cess of dimensional reduction of M-theory to a string 
theory, the string coupling (or equivalently the dilaton 
field) is identified with the size of the eleventh direction. 
In particular, if C\\ is the eleven-dimensional Planck 
length, we have the following relationship between the 
size of the 11 th direction and the 10D dilaton field: 
72-ix = £ii exp(E/3), where TZu is the size of the 11 th 
direction and £ the 10D dilaton. In order to make con- 
tact with four-dimensional physics, on which we focus on 
in this article, we must further reduce the 10D string 
theory to a AD one, which for our purposes has been de- 
fined by the truncation of the action given in (|l|). This 
reduction in the context of the PBB cosmology is usually 
performed on some internal rigid Calabi-Yau three-fold, 
and if the volume of the Calabi-Yau three- fold is Ve, we 
get the following equation: 



V 6 



(28) 



Since the usual PBB scenario assumes that the Calabi- 
Yau is rigid (i.e., has constant size), we can set a = S. 
The natural volume of the Calabi-Yau three-fold is the 
string volume, Ve ~ 1® ■ We can see this if we recall that 
strings cannot probe distances shorter than l s , and hence 
it does not make sense to set the volume of the Calabi- 
Yau to be less than 1®. Also, since today the Planck scale 
is roughly equal to string scale, l p ~ l s , if the volume were 
considerably larger than the string volume, there would 
be Kaluza-Klein modes with masses much smaller than 
the Planck mass today. To prevent this, for simplicity 
we can assume that the Calabi-Yau manifold is compact- 
ified at the string scale. In any case, this will give us 
a rough order-of-magnitude estimate, and any deviation 
from it could be absorbed in redefining a. A possible 
subtlety involving D-branes and the fact they can probe 
distances shorter than l s can be ignored since the PBB 
scenario is defined in the perturbative sector of string 
theory, where D-branes are super-heavy. All this leads 
to the conclusion that l s ~ C\\. Therefore, we find that 
when a successful PBB universe has emerged from the 
initial string phase, it must have satisfied 



Tiii{b) l s g b 



2/3 



2(V3+l)/3 



a(b) a(b) 

< e 



-98 



10 



2/3 

9o 

-42 



(29) 



which clearly indicates that if viewed as an M-theory 
configuration, the initial universe must be an extremely 
asymmetric one in order to inflate. 
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V. OPEN P RE-BIG-BANG UNIVERSE 



so that 



The problems described in the previous section arise if 
the universe is closed. If the universe is initially flat or 
open, there is no initial singularity at the stringy time 
t a ~ l s . Here we briefly review the issue of naturalness of 
initial conditions for the spatially open cosmologies. In- 
stead of carrying out a comprehensive analysis, we merely 
outline generic kinematic conditions and indicate the po- 
tential dangers. 

The exact spatially open dilaton-metric solutions of 
are §] 



VflZp(O) (coshr?)^^)/ 2 
3 1 / 4 (-sinh7 ? )(v / 3-i)/2 

e _<T 1 /— sinhrj^v'S 

IT" ' 



$o > 9o % 2 > 10 53 Mf 



lp(0) V cosh 77 



(30) 



The line element is 



ds z = a z (r 1 ) -drf + 



dr 2 



1+r 2 



2 d6 2 + r 2 sin 2 6» V 



(31) 



where r\ is the conformal time, defined by dt = adr/. As 
earlier, we have B = — a 3 $; l p (0) is defined as (approx- 
imately) the value of the effective Planck scale at the 
onset of dilaton domination. 

In the limit 77 <gc 1 , the solution ( ^0| ) is again approxi- 
mated by the superinflating flat-space solution (||), with 

|i| ~ ^1^3/(^3+1). 

The onset of PBB inflation occurs at the time ti ~ 
— y/Bl v (Q). This corresponds to sinh?7 ~ — 1/v \/3 + 1. 
At this time, the scalar field $ is roughly $ — 0.32 Z~ 2 (0), 
and hence the string coupling is 



.9 



Is 



1.77(7o- 



(32) 



Let us now compare this to the conditions in the limit 
when the universe is "infinitely young", i.e., r\ — ► —00. 
In this limit, — tanhyy — > 1, and so $ = l/7 2 (0), giving 
for the initial string coupling g — L (0) /l s <C 1 . Hence 
the string coupling g is minimized by its initial value, in 
contrast to what happens in the spatially closed and flat 
cases. 

Since the inflationary stage of the open universe PBB 
theory does not differ much from the inflationary stage 
of the closed universe scenario, the constraints on the 
parameters B and go in the open PBB universe remain 
practically the same as in the closed universe case: 



B>4x lO 38 ^ 2 



and 



9o < 10 



-53 



(33) 



(34) 



(35) 



For g§ = 10 53 , the parameter B should be greater than 
10 91 . 

In the limit 77 — > — 00 we can approximate — sinhr; ~ 
cosh 77 ~ e~ n /2, which gives 



(36) 



Bl p {0) 
2 • 3 1 /* ' 



Using t = J a(r))dri, we find that up to an additive con- 
stant, 



(37) 



_ Vbi p (o) _ n 

2 • 3V* 



which yields a = \t\ and H = — \t\ 1 when t — > -co. 
From the relation B = — a 3 $ = — |i| 3 <I> it follows that 



$(t) = $0 



B 
21? 



(38) 



Let us discuss the homogeneity problem in this sce- 
nario. Eq. j3q ) shows also that the difference between 
$0 and $(t) in the early universe was very small: 



A$ = $ - 3(t) = ^ 



(39) 



In the limit when t — ► — 00 (going backwards in time), 
the spatial curvature a~ 2 vanishes as t~ 2 , whereas the 
energy density is falling even faster: p = |j ~ W^^ 6 - 
The same is true for the Riemann tensor, R^ap. It is 
completely determined by the energy density, so it van- 
ishes equally fast: R^ap ~ ^2 ~ ^^^ 6 - Thus, the 
younger the universe, the flatter the space-time. 

As we have already mentioned, in order for the k = — 1 
PBB universe to solve the homogeneity, flatness and hori- 
zon problems, at the onset of inflation the linear dimen- 
sion of a homogeneous and isotropic patch which starts 
to inflate must be at least as big as Lq ~ \/Blp(0). This 
happens at t, ~ — y/Bl p (0). In the past this domain 
should be much greater, of size L{t) ~ \t\, because of the 
growth of the scale factor a ~ \t\. 

Thus, the initial size of a homogeneous domain must 
be infinite. One may wonder whether it is a good idea to 
explain the large size of our universe by assuming that 
it is infinite, and to explain its homogeneity by assum- 
ing that the universe was homogeneous on an infinitely 
large scale from the very beginning. The only consis- 
tent version of an open universe theory which explains 
how a universe may become homogeneous on an infinitely 
large scale is given by inflationary cosmology |19fl . In 
the models proposed in |l9| ] , the homogeneity of an open 
universe is explained in a very nontrivial way by a pre- 
ceding stage of indefinitely long false vacuum inflation. 
However, in our case we do not have any pre-inflation 
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before the pre-big-bang. Therefore we do not know why 
the universe should be even approximately homogeneous 
from the very beginning, so that & < 1 over an infinitely 
large scale. 

Indeed, as we have already mentioned, in the limit 
t — > — oo the energy density of the matter and the 
curvature of the spacetime in an open PBB universe 
were infinitesimally small. This means that the universe 
was practically indistinguishable from empty Minkowski 
space. It looks as an open universe only due to the pres- 
ence of an infinitesimally small amount of matter mov- 
ing in a coherent way. Thus, to produce a contracting 
open PBB universe one should take an empty Minkowski 
space, add an infinitesimally small amount of nearly ho- 
mogeneously distributed dilaton field $, and make this 
field move in a coherent manner all over an infinite uni- 
verse. This seems to be much more complicated than to 
take a Planck-size domain filled with a scalar field <f> in 
a chaotic inflation scenario, and let this domain inflate 
and self-reproduce, and create an infinitely large amount 
of exponentially large homogeneous domains 

The possibility that the universe was homogeneous at 
t — ► — oo may become even more complicated when one 
takes into account quantum fluctuations of the field <3 ) . 
Typically, one expects quantum fluctuations to be im- 
portant only near the cosmological singularity. However, 
this is not the case in the open PBB universe. In the 
limit t — > — oo, the classical value of energy of the scalar 
field $ was vanishingly small, and quantum fluctuations 
could play a dominant role. 

Indeed, let us estimate a typical amplitude of quan- 
tum fluctuations on a scale comparable with the initial 
size of our homogeneous domain L(t) ~ \t\ ~ l-ff -1 !- The 
equation of motion for the Fourier modes of dilaton per- 
turbations can be written as follows: 



$ + 3ff$ Q 







(40) 



where q is the comoving wavenumber, or equivalcntly, 
the inverse comoving wavelength. At large \t\, the field 
<f> = lp 2 approaches a constant limit <&o, so we can ig- 
nore the variation of the Planck mass. Then, one can 



represent $ as L 2 (l 



,), where l p « l p (0) is ap- 



proximately constant. The action (jl]) in terms of <p is 
/ d 4 x y /g{Rl p 2 /2 + (V0) 2 /2 + ...}. Thus the field <p has 
canonical normalization. Hence its quantum fluctuations 
on the scale are roughly given by 5<f) ~ ^- 11 1, and 
therefore we can write 



<5$ 



I, 



2tt 



27rZp(0) 



It- 1 ! 



(41) 



These quantum fluctuations oscillate with a period 
T ~ \t\, so they do not actually change much during the 
subsequent evolution of the universe. Therefore they can 
hardly be distinguished from the classical dilaton field $. 
In order to appreciate the importance of these quantum 



fluctuations, one should compare them with the differ- 
ence A$ = $ -$(*) = § t~ 2 - This difference is the only 
feature which distinguishes the contracting open PBB 
universe from Minkowski space. It is easy to show that 
quantum fluctuations become much greater than A<f> for 



|t| »BZ P (0) 



(42) 



One can reach a similar conclusion by comparing the 
energy density of the homogeneous component of the 
scalar field, p = |y ~ ;^^~ 6 > an d quantum fluctua- 
tions of the energy density of this field, which includes 



terms such as 



<*-) 

2* 



2t 2 * 



r 



We see that the 



energy density of quantum fluctuations on the scale \t\ is 
much greater than the energy density of the homogeneous 
component of the scalar field for \t\ ^> Bl p (0). 

This means that at the very beginning of the evolution 
of the universe in the PBB scenario, quantum fluctua- 
tions 5<f> are always much greater than A$, and their 
energy is much greater than the energy of the field 
They completely destroy the homogeneity of the open 
universe PBB solution on the scale |t| which is impor- 
tant for the subsequent PBB inflation. In other words, 
the assumption of initial homogeneity of the open PBB 
universe seems to be internally inconsistent when quan- 
tum fluctuations are taken into account. 

We should emphasize that we are not discussing here 
the small density perturbations < 1 and small pertur- 
bations of the metric in the open universe background, 
which can be studied with the standard methods of per- 
turbation theory. We do not study here the Jeans insta- 
bility, which may or may not exist in the PBB cosmology. 
Rather we argue that the initial perturbations discussed 
above completely destroy the homogeneous background, 
making it look like a collection of pieces of open uni- 
verses and closed universes with completely different den- 
sity, matched together to provide a chaotic distribution 
of segments of space-time with different properties. It is 
correct that in the limit t — > — oo the density of matter 
decreases, so we are rapidly approaching Milne space, or 
Minkowski space Q. The question, however, is whether 
small perturbations of density in the limit t — ► — oo are 
greater than the density of the homogeneous component 
of the field. If this is the case, then the simple descrip- 
tion of the universe in terms of Friedmann open or closed 
universe models becomes invalid. The way to see it is to 
compare the part of the Riemann tensor induced by the 
homogeneous dilaton field, R pua f3 ~ 25^*~ 6 ) with the 
fluctuations of the Riemann tensor related to quantum 
perturbations, which is proportional to $q t -4 . Obvi- 
ously, quantum fluctuations completely change the ge- 
ometry of space for \t\ ^> Bl p (0). 

Moreover, in order to ensure the homogeneity of an 
inflationary domain of initial size Lq ~ VBI P (0), one 
would need the universe to be homogeneous not only on 
a scale ~ \t\, but also on scales much greater than \t\. 
Indeed, the conditions at any point of the universe at a 







moment \to\ can be influenced by effects occurring at a 
distance equal to its particle horizon, 



a{t) l W) 



|t|ln^>|*| 
l*o I 



(43) 



As we have argued above, quantum fluctuations tend to 
destroy homogeneity on a scale ~ \t\. Similar arguments 
show that quantum fluctuations also destroy homogene- 
ity on a larger scale ~ \t \ In j^r. 

In fact, perturbations which behave as |t| _1 exist at the 
classical level, too [Q , but their amplitude was unknown, 
so it was hard to evaluate their significance. One could 
do it only by considering them as small perturbations on 
the open universe background. As we believe, this is not 
the case for quantum fluctuations, which can completely 
destroy this background. 

Despite the chaos created by the large density per- 
turbations discussed above, one may expect that in an 
infinite universe there always are many sufficiently large 
domains where the universe will be sufficiently homoge- 
neous 0. In such domains inflation will begin, just like 
in the chaotic inflation scenario pl] |, so one may argue 
that one should concentrate on such domains and ignore 
those domains which are too inhomogeneous to inflate. 

Indeed, it is quite possible that despite initial inhomo- 
geneities, the universe always remains homogeneous on a 
stringy scale simply because the scale of inhomogeneities 
in string theory can hardly become smaller than just 
like the scale of inhomogeneity in gravity theory cannot 
be smaller than the Planck scale. However, as we have 
discussed in section [II, PBB inflation can solve the cos- 



mological problems only if the size of the initially homo- 
geneous domain is at least 19 orders of magnitude greater 
than the stringy scale. At the moment we are unaware of 
any mechanism which would ensure homogeneity of the 
universe on such a large scale. Q Thus, we are returning 
exactly to the same problem as in the case of the closed 
universe. 

One could argue that in a certain sense this might not 
be such a great problem. The argument could go as fol- 
lows: In the standard big bang theory the universe was 
required to be homogeneous at the Planck time on the 
scale 10 30 l p . In the PBB cosmology the requirement is 



"In fact, a priori the scale 10 19 l s (unlike the scale l s ) 
does not look special in any respect. If there were any non- 
inflationary mechanism which would naturally produce homo- 
geneous domains of size 10 19 l a , then one would imagine that 
the same mechanism could possibly explain homogeneity of 
the universe at a much greater scale such as ~ 10 30 Z S . It is 
very hard to see how it could be otherwise - why would such 
a mechanism act selectively on inhomogeneities, smoothing 
ones at scales < 10 19 Z S and failing to smooth the ones that 
occur at scales > 10 30 Z S . Then one would not need a pro- 
longed stage of PBB inflation at all. 



much more modest; the size of a homogeneous domain 
should be greater than 10 19 l s . Thus, in the absence of 
any natural model of stringy inflation, this may still be 
considered a substantial progress. Indeed, it seems much 
more probable to achieve homogeneity in a domain of the 
size 10 19 l s and then increase this size by the PBB in- 
flation up to 10 30 l p , rather than to start from the very 
beginning with a homogeneous domain of the size 10 30 l p . 

However, this argument does not seem to help much. 
Indeed, if the initial homogeneous domains were pro- 
duced by chance rather than by some additional stage 
of pre-inflation, then it seems much easier to produce ho- 
mogeneous domains of the size 10 18 l s rather than the 
homogeneous domains of the size 10 19 l s . Domains of 
the initial size 10 18 l s will inflate and produce locally ho- 
mogeneous universes with stars and planets like ours, but 
such universes will be extremely inhomogeneous on the 
superlarge scale comparable to the scale of the horizon 
~ 10 28 cm. 

This is the main reason why we need inflation, and 
why inflation must somewhat "overshoot." In the situ- 
ation where a short stage of inflation is more probable 
than a long stage of inflation, the universe may be quite 
hospitable to the existence of life as we know it, but it will 
be very inhomogeneous on the scale of the horizon. This 
would contradict observational data which show that the 
universe on the scale of the horizon is homogeneous at 
the level better than 1CT 4 . 

It was mainly for this reason that all open inflation- 
ary universe models proposed prior to |19[| failed. It 
was always possible to assume that inflation somewhat 
"undershoots," and the universe remains open if it was 
open from the very beginning. But this "undershooting" 
implied that inflation could not solve the homogeneity 
problem. As we have already mentioned, in the mod- 
els proposed in Ref. [|l9| this problem was solved by a 
prolonged stage of inflation preceding the creation of a 
single-bubble open universe. There is no such stage in 
the current version of the PBB scenario. 

But what if, despite all our arguments, we were able 
somehow to solve the homogeneity problem in the open 
PBB scenario? Would it mean that we no longer need to 
have the stage of PBB inflation at all, and our constraints 
on go and B, given by Eqs. ( |33] ) and (34), disappear? 

The answer is no. As we have mentioned in Sect. Ill, 



we would still need to have inflation of the same duration 
as before. If we are going to solve the flatness problem, 
we need the scale factor of the open universe to become 
greater than 10 30 M~ at the Planck time. Since this 
scale factor at the onset of inflation is of the same order 
as \U\ ~ \J~Blp(Q) or greater, the constraints on B, g 2 
and $o which follow from the condition of flatness of the 
universe coincide with the constraints, Eqs. (|3^), (|34|), 
and (|35| ) , obtained from the condition of homogeneity of 
the universe on a scale |tj|. 

Thus, even if one finds a way to ensure the homogene- 
ity of an open PBB universe on a scale much greater 
than \t\ without any use of inflation, Eqs. (|33|) and (IsF 
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obtained from the condition of flatness of the universe, 
will imply that the solution $(t) = $o — Mz describing 
initial conditions in an open universe must contain ex- 
tremely large parameters $o = 9o~ 2 M 2 > 10 53 M 2 and 
B > 4 x lO 38 ^ 2 > 10 91 . 

One might try to argue that the large values of these 
parameters are somehow related to the postulated weak- 
ness of the string coupling in the early universe. There 
is a big difference, however, between a simple assump- 
tion that g 2 was small in the PBB universe, and the 
requirement that it must be smaller than 1CU 53 . We 
are unaware of any natural explanation of this number 
in the PBB theory. Moreover, even the extraordinary 
smallness of the string coupling does not help to solve 
the flatness problem. Indeed, if one keeps B = const, 
then in the limit go — > the scale factor of the open 
universe at the beginning of the PBB inflation vanishes, 
a ~ ^J~Bgol s — > 0. Meanwhile we need it to be greater 
than 10 19 Z S to solve the flatness problem. That is why we 
get the constraint B > 4 x 10 38 ffjj~ , which implies that 
even for g ~ 1 we would need to have B > 4 x 10 38 , and 
in the weak coupling limit g a — > we would need to have 
an infinitely large B. 

Obviously, the requirement that g 2 should be smaller 
than 10 -53 and B should be greater than 4 x 10 38 <7q 2 is 
not a solution of the flatness problem, but its reformula- 
tion, where instead of one problem we have two. 

After having investigated closed and open PBB uni- 
verses, we will briefly discuss the spatially flat universe. 
Such a universe can be viewed as a special limit of the 
k = — 1 cases where the instant of dilaton domination 
has been pushed off to — oo. This suggests that the k = 
cases are very special to start with. To qualify this state- 
ment, one can view the flat cases as asymptotic repellers 
in the phase space of the PBB theory. Indeed, if we take 
an arbitrary PBB universe at a time well into the su- 
perinflating phase, and perform the time-reversal trans- 
formation, we will note that the universe is undergoing 
decelerated contraction towards the "future". This pe- 
riod of decelerated contraction will last forever only if the 
"initial conditions" are infinitely fine-tuned (correspond- 
ing to the k = cases). Indeed, the curvature tensor of 
a flat universe vanishes at t ~ > — oo, so the flat universe 
expansion will be destroyed by any finite perturbation at 
t — > — oo, just like in the open universe case. In a generic 
case, different parts of the universe will either bounce 
into a phase of decelerated expansion (k = —1) or will 
speed up into a phase of accelerated contraction (k = 1). 

It is interesting to look at the flat universe regime from 
the point of view of the behavior of the string coupling. 
In a closed universe the initial value of g is infinitely 
large. In an open universe it is small and finite. The flat 
universe case can be obtained from the open universe in 
the limit go — > and ao ~ \fBgoh — > oo, i.e. Bg 2 — > oo. 
In other words, B must be double-infinite. The fine- 
tuned nature of this limit is evident. 

A flat universe looks especially peculiar from the point 
of view of M-theory. Using the same arguments as in 



the preceding section, we can easily show that the size 
of the 11 th dimension is Tin ~ l s g 2 ^ , where g is the 
string coupling. In a flat universe g — > in the limit 
t — > — oo. This shows that from the point of view of 
M-theory the whole universe should have evolved from 
a single infinitely large and homogeneous 10D plane of 
vanishing thickness. This is an infinitely anisotropic state 
from the point of view of 11D geometry, which appears 
to be even less natural than the k = 1 case. 



VI. PBB CANNOT SELF-REPRODUCE 

One of the most interesting features of many versions of 
inflationary cosmology is the possibility of eternal infla- 
tion due to the self-reproduction of inflationary domains. 
The most dramatic realization of this possibility appears 
in chaotic inflation |1(J , but the self-reproduction of the 
universe is possible in the new inflationary scenario as 
well @. 

If PBB could self-reproduce, it could spontaneously 
start by a quantum fluctuation in some region of the 
universe, no matter how unlikely this is. Then, this re- 
gion could give birth to other PBB-inflating domains, 
thus eventually filling a larger and larger portion of the 
whole universe with inflating regions, and circumvent- 
ing the naturalness problem we discussed in the previous 
section. Here we will show that this does not happen. 

The process of self- reproduction of inflation is based on 
quantum-mechanical violations of energy conservation. 
In models such as chaotic inflation, quantum fluctuations 
can (over)compensate the decrease of the effective "vac- 
uum" energy due to the slow roll of the order parameter, 
by pushing the order parameter back towards the region 
of large effective mass faster than it rolls down the po- 
tential ridge. In PBB, however, the energy which drives 
the expansion of the universe is provided by the kinetic 
energy of the rolling string coupling, and the duration of 
inflation is limited by requiring that the coupling must 
be at most of order unity. Hence, the self-regeneration 
of PBB would require that quantum fluctuations can de- 
crease string coupling g Sl or equivalently, increase the 
effective Planck mass squared $ = l~ 2 gj 2 faster than it 
rolls down during the expansion. 

To give a qualitative description of the conditions for 
self-regeneration, we should look at the dynamics of cou- 
pling inhomogeneities. As we have indicated earlier, dur- 
ing the dilaton-dominated epoch, the coupling obeys a 
simple Klein-Gordon differential equation: V 2( f> = 0. 
The individual modes exp(i<f • x) propagate ac- 

cording to Eq. (Q). The physical wavelength A of the 
mode $ g and the comoving wavelength 1/g are related 
by A = a/q. Now, in PBB, H ~ l/\t\ and 1/a 2 ~ 
|f|2/V5 xhuS; all 

waves with the comoving wavelength 

1/g > (WM) 1+1/V3 will exit the Hubble volume of the 
universe at some time. Recall that the time and the 
background value of the scalar field $ are related by (|^). 
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The metric and the Hubble parameter are uniquely de- 
termined by as can be seen from (|j) and @. We can 
therefore parameterize the instant when the wave exits 
by the magnitude of the field For a wave with the co- 
moving wavelength l/q this happens when the field <&((?) 
is such that the wave vector and the physical wavelength 
are 

q = a{${q))H ($(<?)) , 

A = ^M1.^— . (44) 

After this moment, as we see from equation (^), these 
modes freeze out: since the physical frequency q 2 /a 2 is 
subleading to the damping term ~ H, inside the Hub- 
ble volume the waves with wavelength greater than 1/H 
do not oscillate any more. Now, the self-regeneration 
of inflation requires that at some later instant, when 
= $, there must be a region inside the original do- 
main which looks exactly the same as the original domain 
did when $(t) = $. Modeling the self-regeneration pro- 
cesses by a simple doubling of domains, we see that i> 
is related to $ as the instant when the wave with the 
comoving wavelength l/q = l/(2q) froze out. Using this 
and the definitions (^), we see that 3> is determined by 

a($)iJ ($) = 2a($) J ff($) , (45) 

or, explicitly, using (||) and (||), 

$ 

(46) 



2 \/3 



By this time, the square of the effective Planck mass 
decreases by an amount 



A$ = $ - $ = $fl - — ) 



(47) 



This corresponds to the classical rollover and must be 
compensated by quantum fluctuations in order for the 
self-reproduction to proceed. The amplitude of quantum 
fluctuations was estimated in the previous section: 



5$ 



<1>H 



2tt 



(48) 



If the magnitude of the quantum fluctuation (5$ is greater 
than the magnitude of the rollover A$ for any back- 
ground value of $ and H , the self-regeneration can occur. 
However, using ( fuj) and (^), we find 

S$ 2^- x H 2 VE ~ 1 l p 

A$ ~ tt(2^ _ i) 7f ~ y/3 n (2^ - 1) 1*| ' 

This ratio remains exponentially small until the very end 
of the PBB stage, i.e., 

<S$ < A$ . (50) 

We see that quantum fluctuations at the stage of PBB 
inflation are never large enough to overtake the rolling of 
the field $. Therefore eternal inflation is impossible in 
the PBB scenario, so it cannot alleviate the problem of 
initial conditions in the PBB cosmology. 



VII. CONCLUSIONS 

In this article, we have presented arguments clarify- 
ing the problem of initial conditions in the PBB scenario 
of inflation. Our results suggest that the current ver- 
sion of the PBB scenario, described by an effective ac- 
tion with higher order corrections within a single string 
theory, cannot solve the homogeneity, isotropy, flatness 
and horizon problems in the way these are solved by the 
usual inflationary scenario. The PBB universe must be 
huge and homogeneous from the very beginning. Our cal- 
culations show that in order to solve the horizon, flatness 
and homogeneity problems, the initial size of the infla- 
tionary domain in the PBB scenario should be at least 
19 orders of magnitude greater than the string length l s , 
which is the only natural length scale in the theory. If 
the universe is closed, and is to inflate enough to solve 
the horizon and flatness problems at the Planck time, its 
initial size prior to PBB inflation has to be at least 10 8 
times greater than the horizon size at the time of the 
universe creation. The initial mass of such a universe 
has to be 10 91 times greater than the string mass. We 
have estimated the probability of one such event to be 
P ~ exp(— 10 24 ), i.e., exponentially small. If one wants 
to avoid this strong suppression, then the natural dura- 
tion of PBB inflation appears to be as short as Mp 1 . 

If the universe is open, it must begin in a state with 
a vanishingly small density of the dilaton field, which 
should be nearly homogeneously distributed over an in- 
finitely large length scale. We do not know whether the 
assumption of initial homogeneity in an infinitely large 
volume is a good way to explain the homogeneity of our 
part of the universe. Also, the initial homogeneity can be 
destroyed by any finite density perturbations. Moreover, 
we argued that the open universe solution is unstable 
with respect to quantum fluctuations which can make 
spacetime completely inhomogeneous, so its description 
in terms of an open universe may become inadequate. 
Parts of the universe similar to the one we inhabit can 
appear as a result of PBB inflation in homogeneous do- 
mains with an initial size greater than 10 19 l s . Such 
domains may appear by chance in an infinite inhomoge- 
neous universe. It seems much easier, however, to pro- 
duce homogeneous domains of a smaller size. This means 
that typical domains produced by PBB inflation may be 
homogeneous on a small scale, but should be very in- 
homogeneous on the scale comparable to the size of the 
observable part of our universe. 

Even if it were possible to solve somehow the problem 
of initial homogeneity of an open PBB universe, there is 
one more problem. The open universe solution is char- 
acterized by two dimensionless parameters, go and B. If 
the flatness problem is to be solved by PBB inflation, 
i.e. if we want to explain why the present value of is 
not vanishingly small, one should have g^ 2 > 10 53 and 
B > lO 38 ^ 2 > 10 91 . Note that to solve the flatness 
problem one should explain why the scale factor of the 
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universe at the Planck time was 10 30 times greater than 
the Planck length. Now in order to explain the origin of 
the large number 10 30 in the context of the PBB cosmol- 
ogy we must introduce two other numbers, g^ 2 and B, 
which should be greater than 10 53 and 10 91 respectively. 
We do not see any natural explanation for appearance of 
these two different large dimensionless parameters in the 
theory. 

The problems mentioned above are further exacer- 
bated by the fact that a regime of eternal inflation is 
impossible in the PBB scenario. Hence, even if a region 
of the universe began to inflate in a PBB phase, it would 
remain solitary and isolated, and hence just as unlikely 
to produce the universe we live in. 

In closing, we note that the origin of the fine-tuning 
seems to be twofold. First, PBB is borderline inflation, 
which does not satisfy the standard inflationary condition 
H <C H 2 . Second, the scenario is defined to be entirely 
stringy, i.e., the coupling is at most of order unity and so 
the full evolution of the universe from its birth through 
PBB to the present day is entirely within the phase space 
of a single string theory. The first property is a generic 
feature of any superinflationary model, and thus cannot 
be atoned. In contrast, one could attempt to relax the 
second condition and allow the coupling to get greater 
than unity by the time the exit occurs. While this might 
have sounded heretical prior to the development of the 
"web of dualities" pof , one could imagine that this re- 
gion of very large coupling g s >■ 1, should be described 
by a weak coupling region of an 5-dual of the original 
string theory in which PBB has begun, or alternatively, 
by a phase of the parent M-theory. Even if this were 
permitted, however, the original coupling would have to 
grow to about 10 46 in order to remove the naturalness 
bounds we have found. This can be seen, for example, 
from the mass bound ([l(]), which can be rewritten as 
M > 10 91 M s gJ 2 where gf is the coupling of the original 
theory at the time of the exit. Moreover, even if this 
were allowed, the current initial conditions require that 
the cosmological evolution must begin when at least one 
of the compact dimensions is about 10 times smaller 
than the length scale of the space-time. 

We must admit that independently of the prospects of 
the current version of the pre-big-bang scenario, its in- 
vestigation has shown us several intriguing possibilities. 
The dynamics of the PBB model with an account taken 
of initial inhomogeneities produced by quantum fluctu- 
ations deserves a more detailed investigation. There is 
always a chance that we could have missed something 
important, or that our understanding of inhomogeneous 
PBB models is incomplete. One should remember that 
in the very beginning of the development of inflationary 
cosmology some of its authors claimed that it does not 
work and cannot be improved |2l[| . It is not inconceivable 
that some properties of the PBB models which look un- 
natural from our point of view can become natural when 
seen from another perspective. It would be very desirable 
to find a way to overcome the problems which we have 



found, because it could be an important step towards 
a realization of inflationary cosmology in the context of 
string theory. 
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